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model to sine-Liouville theory. This duality was proven in the path integral formulation 
and extended to the case of higher genus closed Riemann surfaces by Schomerus and one of 
the authors. In this note we further extend the duality to the case with boundary. Specif- 
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We also consider the fermionic version of the FZZ duality. This duality was proven as 
a mirror symmetry by Hori and Kapustin, but we give an alternative proof in the path 
integral formulation which directly relates correlation functions. Also here the case with 
boundary is investigated and the results are consistent with those for branes in N = 2 
super Liouville field theory obtained by Hosomichi. 
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1 Introduction 

In this paper we derive the Fateev-Zamolodchikov-Zamolodchikov (FZZ) duality [1] in the 
case where the world-sheet has a boundary. The duality is between Witten's sigma model 
[2] for the Euclidean 2d black hole and sine-Liouville field theory. We also consider the 
fermionic version of the black hole sigma model and its duality with the N = (2, 2) super- 
Liouville field theory. The fermionic FZZ duality was proven as a mirror symmetry in [3]. 
The bosonic two-dimensional black hole is described by the /M coset sigma model with 
world-sheet coupling given by the level k. Here = SL(2, C)/SU(2,R) is the Euclidean 
version of AdS3. The geometry describes a semi-infinite cigar with asymptotic radius \fk. 
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In this paper we work in units where the string length is set to l s = y a! = 1. The dual 
sine-Liouville theory has interaction terms which are defined on a cylinder with the inverse 
radius 1 j\f~k. The potential gives exponential suppression in one direction of the cylinder, 
but with a coupling constant which is the inverse as on the cigar side. For large k the 
cigar model is at weak curvature and thus has weak world-sheet coupling, while the dual 
sine-Liouville potentials give strong coupling, and vice versa. 

The main motivation for studying these target space dualities is their strong/weak 
coupling nature. Such dualities allow us to do calculations in the strongly coupled regions 
which are normally very hard to access. Calculations at strong coupling are important in 
many settings with a prominent example being the AdS/CFT duality [4]. Here the string 
side with strong world-sheet coupling should be compared with a weakly coupled gauge 
theory dual, and being able to calculate on both sides will allow non-trivial checks of the 
conjecture. The FZZ duality involves Euclidean AdS3 and has been used to get quantum 
corrections to the thermodynamics of the two-dimensional black hole via holography [5]. 
The fermionic version would be useful to study holography involving NS5-branes as, e.g., 
in [6]. 

The bosonic FZZ duality on closed world-sheets has recently been proven by Schomerus 
and one of the authors [7] using a path-integral method. Let us remind ourselves of the 
key steps in the proof. First the coset /M. is written as a gauged WZNW model and 
embedded in the x U(l) model [8]. One then uses the fact that the correlators of 
model can be written in terms of Liouville field theory correlators with extra insertions 
of degenerate fields [9, 10]. The essential non-perturbative step is here to use Liouville 
theory's strong/weak self-duality. Then, some treatments of fields and operators yield the 
correlators of sine-Liouville theory. The supersymmetric version of the FZZ duality has 
been derived by Hori and Kapustin [3] as mirror duality using the standard, but rather 
indirect method of gauged linear sigma models. In this paper we give an alternative proof 
using the method of [7] and thus establish a direct path-integral derivation of mirror duality. 
This also has the advantage that we do not only get a duality for the actions, but we have 
a precise relation of correlation functions including the coupling dependent normalization. 
Further, it extends readily to higher genus closed world-sheets [7]. 

The main part of this note is devoted to extend the FZZ and mirror duality to the 
case with open strings. It is certainly an important problem to understand boundary con- 
formal field theories with non-compact target spaces. In eventually solving these models, 
knowledge of the boundary Lagrangian complying with the boundary conditions is impor- 
tant. 1 In our case such a Lagrangian description is essential since we need a path integral 
formulation of correlation functions to derive the dualities. Such a boundary action can 
luckily be found for AdS2-type branes in the model [19]. In our coset /M. such 
branes descend to 1-dimensional branes on the cigar. Using the boundary action we can 
then derive the duality in a similar manner as the bulk case. As with T-duality we expect 
Dirichlet and Neumann boundary conditions to be exchanged in the circular direction. In- 

1 Examples of such models studied recently are deformations of Liouville field theory and H$ model [11], 
as well as supergroup WZNW models [12-17]. Finding boundary actions is in general a difficult task and 
has not been solved in generality, see however [18]. 
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deed, the corresponding dual branes are of the two-dimensional FZZT-type [20, 21]. As a 
result correlators of sine-Liouville and the cigar coincide, and thus the known disc one-point 
functions of the cigar [22] can be used to write down those of sine-Liouville. Moreover, we 
obtain a Lagrangian for the boundary sine-Liouville theory which also allows to compute 
correlators directly in this model. 

The article is organized as follows: In section two we consider the bosonic FZZ duality 
for open strings. In section 2.1 we give the action for the disk including the boundary 
part when we consider Dl-branes. 2 In section 2.2 the vertex operators are considered and 
the correlation functions are written in the path integral formalism. The correspondence 
to Liouville field theory is shown in section 2.3, and using the Liouville self-duality, the 
duality with sine-Liouville theory is derived in section 2.4. In section 3 we consider the 
supersymmetric FZZ duality, starting with the path integral formulation in section 3.1. 
Finally, the duality is derived for respectively closed and open world-sheets in sections 3.2 
and 3.3. Conclusions are given in section 4. The paper is closed with five appendices. 
In appendix A we recall the geometry of the branes that we consider, and their possible 
boundary actions. The gauged sigma model describing the cigar is considered in appendix 
B where we also explain the Chan-Paton factors appearing in our calculations. Some 
Jacobians from the change of measure are calculated in appendix C. In appendix D we 
derive the reflection coefficient of vertex operators that we need in the proofs of the dualities. 
Finally, in appendix E we discuss branes in sine-Liouville theory. 

2 Boundary FZZ duality 

The FZZ duality conjecture was proven in [7] and generalized to correlation functions on 
closed Riemann surfaces of arbitrary genus. In this section we would like to extend the 
duality to disk amplitudes. Before proceeding let us briefly state the main result. For the 
derivation of the FZZ duality with boundary, the main ingredient is to show the identity 
between correlators in the cigar model and sine-Liouville theory on the disk or equivalently 
upper half-plane 

IN M \ cig 



\a=l c=l 

N M 



sL 



\o=l c=l ^ 

On the cigar side we have N bulk primary operators fha in the positions z a . These have 
representation labels m, m, j where the discrete labels m, fh are related to momentum and 
winding along the circular direction, and the continuous label j is related to momentum in 
the semi-infinite direction. The boundary conditions in the cigar corresponds to a single 
Dl-brane. There are M boundary operators ^ml c located at the points u c . These have 
labels m,l,i. Here m describes the winding in the circular direction which can be half- 
integer (see figure 1 below), and I is again momentum in the non-compact direction. Further 



2 Since we are in Euclidean space, Dp-branes denote p-dimensional branes. 
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i = 0,1,2,3 labels an SU(2) Chan-Paton factor (2.9) which will be important for us. It 
is related to which branches the string ends are attached to. There is a single coupling 
constant k in the cigar model which is the square of the cigar radius at infinity. The precise 
definitions of the above bulk and boundary operators will be given in eqs. (2.10)-(2.18). 

On the sine-Liouville side the theory is described by two scalars (j>, X which are non- 
compact and compact respectively. There are also N bulk fields and M boundary fields 
which will depend on k under the mapping. The boundary conditions correspond to a 
D2-brane (after T-dualizing the X direction), and the boundary operators will also have 
Chan-Paton factors which are traced over in the evaluation of the correlator. The action 
will depend on the coupling 1/b = \Jk — 2, and the exact form of the boundary action will 
be derived, see eq. (2.54). Finally, there is a constant, M, relating the two correlators, 
which only depends on N, M, the coupling k and the total winding number. 

2.1 Dl-branes in the 2d black hole 

The derivation of the duality follows the method used in [7] which is based on path integral 
techniques. We thus need the boundary action for Dl-branes in the 2d black hole. This is 
not known yet, so we first have to find it. The starting point is the H% WZNW model, 
where H% = SL(2, C)/SU(2,R) is the Euclidean version of AdS3. The sigma model of 
the 2d black hole is the HJ WZNW model gauged by R, and it can be embedded in 
the x U(l) WZNW model [8]. Branes in the cigar then descend from branes in the 
WZNW model [22], and it was found that there are DO-, Dl- and D2-branes in the 2d black 
hole. The DO-branes descend from fuzzy spherical branes in H^~, the Dl-branes from AdS2 
branes, and the D2-branes from branes. We consider Dl-branes, since AdS2 branes 
have a nice Lagrangian description [19]. This allows us to find an action for Dl-branes 
as we will now explain. In particular, we will find that a Chan-Paton factor should be 
included in the boundary action. 

Let us start with the bulk theory before going into the details of the boundary theory. 
By the standard technique the coset model H% /R can be described by the product of the 
Ht model, a U(l) free boson X, and a (6, c)-ghost system. The action of the bulk 2d black 
hole is then given by 



S = S H + ~ J d 2 wdXdX (+5 6)C ) , (2.2) 

where we use the action for the H§ model in the free field realization as 3 

S H ' = i J d 2 w (dfpdfp - /?d 7 - fi&y + ^-^g1Z<j) - vrA/3/5e 2 ^^ . (2.3) 

The theory consists of a (/3, 7)-system with conformal dimension (1,0) and a free boson 
<fi with background charge = b = \j\Jk — 2. As mentioned in the introduction we 



3 Here the measure is d 2 w = dxdy with w = x + iy. Thus there is a factor 2 difference from the one in 
[7]. The world-sheet metric and its curvature are given by ds 2 = \p(w)\ 2 dw 2 and ^fgR. = — 4<9(91n|p|. The 
regularization at the same position is done as lim w ^ z \w — z\ 2 — — In |p(z)| 2 . In this note we set p = 1 and 
suppress the curvature terms. 
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set a' = 1. Namely, the operator products are given by (j)(z, z)(f>(0, 0) ~ X(z, z)X(0, 0) ~ 
— In |z| . Since the (6, c)-ghost system does not appear in the following discussion, we neglect 
the part associated with the action S^c- 

D-branes in the cigar model were investigated in [22]. The semi-classical analysis 
was done by using DBI actions as world-volume theories. Moreover, exact solutions were 
obtained by making use of the fact that correlation functions on a disk are given by the 
product of those in the Ht model and the U(l) free boson. In this paper we consider 
Dl-branes, and their classical geometry can be examined as follows. For Dl-branes, it was 
argued that we should assign boundary conditions corresponding to AdS2 branes in the 

model, and Dirichlet boundary condition in the U(l) direction. It is well known that 
branes in WZNW models of group manifolds are described by twisted conjugacy classes 
[23]. The situation is similar in a coset, as = SL(2, C)/SU(2, M), as well as in a gauged 
WZNW model, at least if we gauge by an abelian group. In appendix A.l we explain 
the geometric meaning of the branes in the product theory that descend to Dl-branes in 
the coset. The brane of the U(l) part is just a point e ie °, i.e. it has to satisfy Dirichlet 
conditions. The part is a left-translate of a twisted conjugacy class, translated by e . 
The metric of the 2d black hole may be given by 

ds 2 = kidp 2 + tanh 2 pd8 2 ) , (2.4) 

and the Dl-branes are characterized by the equation 

sinhpsin(# — 6q) = sinhr (2-5) 

with two parameters r, 9q ( see figure 1). The parameter r corresponds to the distance from 
the tip of cigar {p = 0) to the Dl-brane. The other parameter 9q represents the position of 
Dl-branes in the ^-direction at p — > oo. In particular, the Dl-brane reaches to the infinity 
p — > oo at the two point 8q, 9q + n. 

One of the important steps to generalize the FZZ duality for a disk amplitude is to 
obtain the boundary action for Dl-branes in the cigar. This is because we closely follow 
the method used for closed strings in [7], where the path integral formulation is essential. 
The Dl-branes in the cigar model descend from AdS2 branes in the model. In equation 
(2.3) we have already written the action for the model, and the boundary action for 
AdS2 branes is proposed in [19] as 

Sum = iX B J du/3e b * , (2.6) 
where the parameter is related to r as 



As = \ sinhr . (2.7) 

V sm7ro z 

We may treat the interaction terms perturbatively, then the boundary conditions for free 
fields are Neumann boundary condition for </>, and moreover 7+7 = 0, f3 + /3 = 0. However, 
it turns out that this boundary action cannot be used directly for the Dl-branes in the 
cigar model. 
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Figure 1. The cigar with a Dl-brane (drawn in black) having r ^ and a 1/2 winding string 
(drawn in blue) stretched between its two branches, p is the coordinate along the cigar axis, and 6 
the angular coordinate. The tip of the cigar is located at p = 0. The brane parameter r describes 
the minimal p-value for the brane, and the parameter 9q its angular orientation. 



We would like to propose the following modified version as 

Sbint = iX B e i9o a 3 [ duPe** (2i 



with Dirichlet boundary condition for X additionally. There are two differences from the 
one in (2.6). One is the factor e ie °, which represents the position of the Dl-brane in 0- 
direction. This factor is not so important, and in fact we can and will remove it by the 
shift of the coordinate 9. The important one is the Chan-Paton factor 03, where we use 
the notation for the Pauli matrices as 







*0 = n J > ff l = L J ' °2 = - n > ff 3 = n J, (2-9) 



and a± = 5(01 =t ia-z). The Chan-Paton factor may be realized using boundary fermions, 
and the classical consistency of (2.8) is explained in appendix A. 2. 

We can find a reason for the Chan-Paton factor when we follow the boundary conditions 
from the cigar model via the gauged WZNW model to the product theory, see appendix 
B. In the cigar model we can have boundary operators corresponding to half-winding open 
strings going between the two branches of the same Dl-brane as in figure 1. In fact, the 
spectrum of open strings between a Dl-brane was obtained in [22] with the help of modular 
transformation of the annulus amplitude. It was found, for instance in eq. (4.20) of that 
paper, that the spectrum includes both integer and half-integer winding modes. In the 
product theory such half-winding strings will not go between the same brane, but between 
two different branes located oppositely on the U(l) circle and having parameters r and —r 
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Figure 2. seen from above with two AdS2 branes labelled r and —r. The half integer windings 
strings - sketched in blue as in figure 1 - now go between the two different branes. 

for the AdS2-part in as in figure 2. The Chan-Paton factor appearing in the action 
corresponds to having these two branes, and one can explicitly see how it appears in the 
action when going to the product theory. See also the discussions at the end of section 4.3 
of [22]. 

Let us remark that there are other ways to see the necessity of the Chan-Paton factors. 
First consider the geometry of a Dl-brane in the cigar which is characterized by (2.5). This 
equation is invariant under the exchange of parameters (r, #o) and (— r, #o + ir). In other 
words, the branes with parameters (r,9o) and (— r, #o + tt) should not be two different 
branes, but identified. In order to realize this, we take a sum of two "fractional" branes to 
construct one "bulk" brane in the cigar model, just as for bulk branes in an orbifold model. 
This treatment is consistent with the presence of the Chan-Paton factor 03. Secondly, when 
we study the action, we are treating it in a perturbative way. In the asymptotic region 
p — > 00, we can neglect the interaction term and the geometry is just a cylinder. In this 
sense, the interaction terms deform the geometry in the small p regions. From the geometry 
of Dl-brane (2.5), we can see that there are two Dl-branes with opposite orientations in 
the p — > 00 region. In a flat background, it is known how to describe systems with two 
branes, that is, we just need to include a 2 x 2 Chan-Paton factor for each open string 
operator. 

2.2 Correlation functions on a disk 

In order to prove that the two theories are equivalent, we have to show that all correlation 
functions in the two theories match. As in [7] we first show that correlation functions of 
tachyon operators yield the same quantities. After this we just need to check that the 
symmetry of the theories is the same since descendants can be generated with the help 
of currents of underlying symmetry. First we need to develop the method to compute 
correlation functions on a disk with Dl-brane boundary conditions in the cigar model. 
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According to the general formalism, the correlators are given by products of those of 
i?3 and U(l) models roughly speaking, but details should be fixed. For instance, the 
boundary operators have to be associated with Chan-Paton factors, since the boundary 
action includes 03 as we have already observed. In the later subsections, we relate the 
amplitudes to those of sine-Liouville theory. 

We would like to compute correlation functions on a disk with insertions of bulk and 
boundary operators. We calculate in the product theory where the cigar model is described 
by the x U(l) model along with the ghost. Gauge invariant bulk operators can be 
constructed from the following products of operators in x U{1) (see, for instance, [7]) 

^rn(z) = & m ,rn(z)V*rn(z) . (2.10) 

Here m is a primary operator of model, and it is defined as 

aJ^C*) = N^ r7l [ f»^-^vMz) , vm*) = h^'+V^V^+w (2.ii) 

J I A* J 

with 

, T ,- Y(—j — m) kw + n kw — n 

N 3 mfh = — y — '— , m = , fh = . (2.12) 

m ' m r(j + l + m) 2 2 v ; 

Here n and w take integer values and correspond to momentum and winding number, 
respectively. The U(l) vertex operator 

= ^ (mXL ~ mXR) (2-13) 

corresponds to a state with non-trivial winding w. 

Along the boundary of world-sheet, we can insert boundary operators, which are going 
to be constructed. As in the bulk case, the operators should be given by certain products 
of those in the H% and U(l) models. The boundary operators for AdS2 branes in the H% 
model were constructed in [24] as 4 

= N l rn , q J ^li/PsgnVWMu) - V t (u\u) = \ u \i+^-^ e mi)* . (2.14) 
Here u is the coordinate of the boundary of the world-sheet and the coefficient is 

N^ v = 2i IJ r(-Z - m) sin - 1 - m - rj) . (2.15) 

For Dl-branes in the cigar model, we would like to propose that the boundary operators 
are expressed as 

= ^=<f> l mt1) V£(u) , (2.16) 



4 The parameter r\ enters in the boundary case. The integration over v in (2.14) has a singularity at 
v — 0, so we have to separate the integration domain as v < and v > 0. Alternatively, we assign the weight 
sgn' 7 (^) as in (2.14). The label r\ is related to the behavior of operator under the parity transformation 
7 — > —7. This can be easily seen from the fact that the transformation 7 — > —7 can be absorbed by the 
change as v — > —v and hence the operator (2.14) has a factor (— l) v under 7 — > —7. 
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where the U(l) boundary vertex operators with Dirichlet boundary condition are 

VX(u) = e i ^ m(XL - XR) . (2.17) 

The non-trivial point here is the Chan-Paton factor. We have associated <7j to each bound- 
ary operator, since the boundary action in (2.8) includes a Chan-Paton factor <r 3 . 

The presence of the Chan-Paton factor affects the values of parameters for the bound- 
ary operator. Inserting a boundary operator changes the boundary conditions, so it also 
has labels [& mjV ]L,L' with the parameters of boundary conditions L = (r,M). The param- 
eter r appears in (2.8) through (2.7), so the coefficient of the boundary action changes 
across the boundary operator. The parameter M is related to the position of Dl-brane 
as M = ^Oq. Since X satisfies the Dirichlet boundary condition, the label m represents 
the length of open string AO = 2-Km/y/k stretched between two Dl-branes at the infinity. 
Thus, m takes value 

m = M - M' + . (2.18) 

In order to understand the meaning of w, let us think of open strings on the same brane, 
namely with M = M' . As illustrated in figure 1, one Dl-brane reaches two points at the 
infinity p — > 00. If we associate <jj with i = 0, 3 in (2.16), then the corresponding open string 
is stretching between the same side of the Dl-brane. Therefore, the length of open string 
should be A9 G 2i:\fk'L, which implies w G 2Z in (2.18). In the same way, if we associate 
o% with i = 1,2 in (2.16), then the corresponding open string is between the opposite sides 
of the Dl-brane. Therefore, the length of open string should be A6 G 2iry/k(Z + 1/2), 
which implies w G 2Z+ 1 in (2.18). As argued below, we have to use rj = for i = 0,1 and 
7] = 1 for i = 2, 3, so we may suppress the label 77 from now on. 

Let us see how the relation between the labels r\ and i arises. The boundary action is 
given by (2.8), and the Chan-Paton factor 03 corresponds to having two branes. The first 
and the second brane have respectively the labels r and — r without the Chan-Paton factor 
in (2.8). Notice that the sign change can be absorbed by j3 — > —(3 and 7 — > —7. First we 
consider the open strings stretched between the same branes. Then the Chan-Paton factor 
should be <r+ for an open string on the first brane and <r_ for an open string on the second 
brane. Here we have defined a± = \(ao±az). In other words, if we use ao = <t + + <r_ , then 
the open string is invariant under the exchange of the first and the second brane. Since 
the exchange of branes can be reproduced by the parity transformation 7 — > —7, the open 
string associated with uq should be invariant under the parity transformation. Thus we 
should choose ij = in (2.16). In the same way, the Chan-Paton factor o 3 implies a minus 
sign under the parity transformation, and hence rj = 1. Open strings between different 
branes can be analyzed in the same way. The Chan-Paton factor a\ is invariant under 
the exchange of branes by definition, and thus the corresponding open string should be 
invariant under the parity transformation. On the other hand, the Chan-Paton factor 02 
yields a minus sign under the exchange, and we should choose rj = 1 in (2.16). 

Now that bulk and boundary operators are constructed, we can write down the cor- 
relation functions. We would like to compute a disk amplitude with Dl-brane boundary 
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conditions and with the insertions of N bulk and M boundary operators 

in M \ 



The total winding number 



\a=l 



E 1 



m a + m a 



b=l 



m b 



kS_ 
~~2 



(2.19) 



(2.20) 



is not necessarily zero due to the cigar-shape background and U-shape brane geometry. As 
we will see below, the violation number is limited as \S\ < 2N + M — 2. If it is non-zero, 
then the spectral flow operation in the if .^-sector is important as emphasized in [7]. 

Let us first recall the operator inducing the spectral flow action with S' for the bulk 
case, which is represented by v s '((,). Here we assume S' > 0, but S' < case can be 
analyzed in a similar way. The insertion of v s ' (£) has two effects in our free field realization 
of the iJg" model with the action (2.3). One is the insertion of a vertex operator exjp(S'(j)/b). 
The other is the restriction of the integration domain for fi, (3 such that they have a zero 
at z = C of order S' . See [7] for the relation to the usual definition of spectral flow action. 
For the boundary case, we would like to introduce a boundary operator which induces the 
spectral flow action with S units. Here we again assume that S > 0. We propose that it 
is given by afv (£). The action of v s (£) is almost the same as the bulk case. Namely, 
the boundary operator exp(S<p/2b) is inserted, and the integration domain for /3 = —(3 is 
restricted such that it has a zero at z = £ of order S. The boundary operator should be 
associated with a Chan-Paton factor af. From the parity property, we should choose i = 
or i = 1 . Among them we adopt i = 1 since the spectral flow with odd S maps open strings 
between the same brane to the branes with r and — r, and vise versa as mentioned in [22]. 

With the preparation of spectral flow operator, the correlation function (2.19) is now 
written in terms of if 3" and U(l) models as 
in M \ 



(2.21) 



1=1 

N 

n 



N 3a _ 

1 "m a ,m a 



6=1 
2 



^ ,.m v j-.m, 
A 1 



V 



n M 

n 

6=1 



N 



m b ,r) b 



\Vb\ 



^r's g n^(^; 



A' 



M 



x trP ( a s lV s (0V^(0 J] VjMzJV^. 



0=1 



Il^= V h(»b\u b )VX b (u b ) 



where P represents the path ordering of boundary operators. The spectral flow action 
a i vS {£.) is inserted by using the fact that the identity operator in the cigar model can be 
represented by 

l = afv s (0V X h s(H) ■ (2.22) 

2 

This is actually the very definition of the spectral flow operator. Total winding number in 



x 

■kS/2- 



Notice that the end result 



the U (1) model is now conserved due to the insertion of V 
would not depend on the position of the insertion £ since we have just inserted the identity 
operator. For more details, see [7]. 
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2.3 Relation to Liouville field theory 

The task is now to express the N + M point correlation function (2.19) of the boundary 
cigar in terms of a iV + M point correlator of sine-Liouville theory. As in the bulk case [7] , 
this can be achieved in two steps; The first one is to rewrite the correlator in terms of a 
correlation function in Liouville field theory plus a free boson with additional degenerate 
field insertions. This is the subject of this subsection. For this purpose we use the relation 
between correlators of fig model and Liouville field theory [9, 10], which was extended to 
the case with boundary in [19, 24]. The second step is to show that after applying the self- 
duality of Liouville field theory, rotations of the fields and reflection relations of operator 
lead to the correlator in sine-Liouville theory. This will be done in the next subsection. 
As in [7], we use the path integral form of the N + M point correlation function (2.19) 

as 

IN M \ 

\o=l 6=1 / 

. N M 

= tr P / VcpV^V^VXe- 3 JJ ^t a ,m a ( z a) U «fc <l («6) • (2.23) 

J a=l 6=1 

Here the action S is given by (2.2) with the boundary interaction term (2.8). Now we work 
on the upper half plane Im z > and the boundary is at the line Im z = 0. According to 
the standard doubling trick, the anti-holomorphic part of fields are mapped to the region 
of Imz < such that the boundary conditions are satisfied along the boundary Imz = 0. 

Following [10, 19], we integrate over /3, 7 to reduce the theory to the one with two 
remaining fields (j>, X. Notice that the field 7 appears only linearly in the exponent of 
the path integral (2.23). This is because the action includes 7 only in the kinetic term of 
(2.2) and the vertex operators are expressed in terms of (2.11) and (2.14). Therefore, by 
integrating over 7, we would have a delta functional for d/3, which implies that the field 
/3 can be replaced by a function B(z). Integrating over the world-sheet coordinate, the 
function is obtained as 

TV N _ M 

B{w) = Y_!^ + Y_!^ + Y^±_ . (2.24) 

ti w ~ Za ti w ~ 2 - t! w ~ Ub 

In the same way, f3(z) is replaced by —B(z). This form might be understood from the 
operator product between f3 in the interaction terms and 7, 7 in the vertex operators. See 
also [19]. 

One essential ingredient of the i^-Liouville relation is the change of variables corre- 
sponding to Sklyanin's separation of variables as in [9, 10]. With the boundary, the formula 
for the change of variables is given by (see [19, 24] and also appendix C) 

»/ 7)A _ „ ( w - o s UaLi(w - ya>){w - y a ,) n£i> - ty) , . 

Ua=l( w ~ z a){W ~ Z a ) Ub=l( w ~ u b) 

Here ty and y a i denote zeros respectively on the boundary and in the bulk. The equality 
gives a map of parameters from (^t a , /2 a , 1^) to (u,y a i,y a i,ty), where the numbers of y a i 
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and ty satisfy the equation 2N' + M' + S + 2 = 2N + M. This follows from B(z) being a 
meromorphic one-form on the full plane hence having two more poles than zeros. Notice 
that the numbers N', M' would vary when W6 chctllgG the VctlllGS of (/Xa; /x a ,fb). Moreover, 
since the numbers of insertions should be non-negative, we have a restriction for the total 
winding number S < 2N + M — 2. The presence of v s (£) forces /3 to have a zero of order 
S, and this is possible only if 

N N _ M 

^E^+E^+E^- < 2 - 26 > 

for n = 0, 1, • • • ,S. Due to the 5 + 1 constraints, the number of parameters matches. Since 
the correlation function is given by the integration over (n a , fia^b) in (2-21), we need the 
formula for the Jacobian due to the change of variables. It is given by 

r N Ai b a 5 1 r a N ' M> 

/nl^II mil '<«.«>>- E ^ I T$aTL*wTL**n (™) 

J a =l |pa| 6=1 1 1 n=0 N',M' ' a' = l b'=l 

with 

s = n i%i 2 n^ ~ \ zi ~ Ua \ 2 x\ u ab i [ lyi'j'pn^' ~ n ^ ~ ta, \ 2 ] t ^ 

i<j i,j i,a a<b i'<j' i',a' a'<b' 

x ]^[ — 2/^' i _ 2 — i _ 2 ]n — i _ 2 xx i-"^ — i ~ 2 n^(^« — *«o _ 1 • (2.2s) 

i,a' a,i' a,a' 

Here we should sum over N', M' with the condition 2N' + M' + S + 2 = 2N + M since the 
numbers N',M' depend on the explicit values of (^ a ,/i a ,z^). For details, see appendix C. 

The action of H% model is given by (2.3), and now 7(10) are integrated over and j3(w) 
is replaced by a function B(w). Now the theory is like the Liouville field theory, but the 
interaction term includes coordinate dependent coefficients as \B(w)\ 2 exp(2b(j)(w)). As in 
[7, 10], we change the field <j> as 

tp(w, w) = 4>(w, w) + — hi \B(w)\ 2 , (2.29) 

then the interaction term becomes exp(2b(p(w)) as desired. The boundary interaction term 
(2.8) is now 

Sbint = iX B°3 J dtsgnB{t)e hlp , (2.30) 

which has a sign function sgn/3(t) as noticed in [19, 24]. This implies that the parameter 
of boundary interaction changes when it crosses the boundary positions Uf, and ty. As 
noticed in [7], it is also necessary to shift X(w,w) = Xl(w) +Xr{w) as 

Xl{w) = X L (w) - \nB(w) , xrW = X R (w) + i-^- In B(w) , (2.31) 



- 12 - 



where Xr(iu) is the complex conjugate of xl(w). This means that X = Xl + Xr is changed 
with —i\fkj2\a.B jB whereas the dual field X = Xl — Xr is changed with — i\/k/2\n \B\ 2 . 
The action is now 

S = 1 j d 2 w (dcpdtp + d X d X + ^n(Q v <p + Q^x) + TrXe 2b ^ (2.32) 

with boundary interaction term (2.30). The dual field is denoted by x = XL — XR an d 
background charges are found to be shifted as Q v = b + 6" 1 and = —is/k as shown in 
[7, 10]. 

The change of fields (2.29) and (2.31) also affects the kinetic terms. We write the action 
as — f cP"w(f)dd4> and insert the expression in (2.29). Then, from the term ddln\B(w)\ 2 , 
we obtain delta functions localized at z a ,u b ,y a > ,t b > . Integrating over the world-sheet coor- 
dinate, we find shifts of momenta in the existing vertex operators at z a ,u b and insertions 
of new operators at y ',t&', since the action is in the exponent of the path integral (2.23). 
The similar things happen for X due to the shift (2.31). Closely following the analysis in 
[7, 10], the correlation function (2.19) is now written as 

IN M \ N' r M' . 

( n n ) = e ™ n / ^ n / <** ^ 

\a=l b=l I M',N' ' ' a'=l J b'=l J 

N M I N 



N M IN 

a=l b=l \ a=l 

M N' M' 

X 



tl b ~~ 2 a'i V=l 26 5 / 

The right hand side is computed using the action (2.32) with the boundary interaction 
term (2.30). The bulk and boundary operators in the boundary Liouville field theory are 
defined as 



V a (z) = e 2a ^ z) , Bj(t) = ZLffv® , (2.34) 



Oj, 

respectively. The shifts of parameters for bulk and boundary operators at z a ,u b are 



a, = b(j u + 1) + 1 , p v = b{l v + 1) + 1 , (2.35) 

and new operators are inserted at y a ',tb'- I n the above expression B(u b ) is actually not 
well-defined since £>(z) has a pole at z = u b . We just represent Res z _>. Ui)i B(z)(= v b ) by 6(u(,) 
for simplicity. From the terms like In \B{w)\ddhi \B(w)\, we would obtain a pre-factor in 
the correlation function, but as found in [7] we can see that it cancels the Jacobian factor 
(2.28). Moreover, the insertion exp(S(f)/2b) coming form v s (£) disappears due to the shift 
of momenta at £. 

The method in [7] can be applied almost straightforwardly, one exception is, however, 
the insertion of the new boundary operator 

5°ife') = ^e^^ (V) (2-36) 

2b y/2 
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with a non-trival factor ao/s/2. If we follow the analysis in [10, 19], then we obtain the 
insertion of e"^^^ 2 ^ along the boundary. However, it is required to associate a Chan-Paton 
factor to the insertion at the boundary. The factor should be proportional to the identity 
operator <7o, but the overall normalization may differ from one. Let us first examine the 
operator corresponding to the identity state. The identity state |1) has the norm (1|1) = 1. 
On the other hand, the identity operator 0\ is defined as 0\ ■ O = O for all operators O. 
Due to the state-operator correspondence, we may define |1) := C0i|O) up to an overall 
factor C . For our case 01 = cr , and (1|1) = C 2 tr^(0|0) = 2C 2 . Therefore, we should 
define as |1) := o"o/\/2|0), and the operator corresponding to the identity state is o§j\[2. 
This reasoning also explains the factor ao/y/2 in (2.36). 

The aim of this subsection was to rewrite the correlation function of the cigar model 
in terms of Liouville field theory and free boson with the action (2.32), (2.30) as we have 
already done in (2.33). However, in order to proceed furthermore, it is convenient to 
remove the sign factors sgn B(t) in the boundary action (2.30) and sgn rib (B(ub)) in front 
of the correlator (2.33). This is possible by making use of the anti-commutativity of the 
Pauli matrices. Since the boundary action (2.30) includes 03, the boundary operator B\(t) 
commutes with it for i = 0, 3 and anti-commutes with it for i = 1,2. As mentioned below 
equation (2.30), the role of sgn B(t) is to multiply (—1) when it crosses the positions of 
boundary operators. Therefore, we can remove the sign function by replacing i = 0, 3 and 
% = 1,2. Moreover, the other sign functions sgn 71b (B(uf ) )) implies that we receive extra 
minus sign when boundary operators with % = and % = 1 are exchanged. Recalling 
that i = 0, 1 for rj = and i = 2, 3 for 77 = 1, the effect of sgii nb (B(uf ) )) can be reproduced 
by replacing i = and i = 1 regardless of the replacement of i = 2 and i = 3. Combining 
the both, the rule may be summarized such that Oi in front of the boundary operator is 
replaced by (7i<7j. Effectively we may insert 1 = erf +M ' +S with even M + M ' + S to the 
correlation function. Now the expression becomes a bit simpler 5 

IN M \ N' r , 2 M ' r A+ 

\a=l 6=1 / M',N' ' ' a'=l J ' b'=l J 



N M IN 




with boundary interaction term 

Sbint = iA B (73 J dte blp . (2.38) 

The function B(w) is proportional to u as defined in (2.24), but the dependence of u 
disappears in the last expression. For instance, the dependence of sgn(u) can be absorbed 
by the rotation of Chan-Paton factors as o"2,03 - > —&2, —&3- 

5 The equality is up to a trivial factor. 
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2.4 Duality with boundary sine-Liouville theory 

In the previous subsection, we obtained a relation between the cigar model and a Liouville- 
like theory, but it is not what we wanted to have. In order to relate the cigar model to the 
sine-Liouville theory, we take three steps as in [7] . First step is to perform the self-duality 
of the Liouville theory exchanging b With this duality the relation becomes a 

strong/weak duality for k. Next step is to realize that the extra insertions at y a ',ty can 
be seen as an expansion of an interaction term in the action. Thus we obtain a relation 
between N + M point correlation functions. The final step is to perform a rotation of fields 
and utilize the reflection relation such as to arrive at the boundary sine-Liouville theory. 

First step is the Liouville self-duality. It is known that the Liouville field theory is 
self-dual under the exchange of b by ft -1 followed by the replacement of A by A as [25] 

C = Ae 26 ~ V , ^A 7 (l/6 2 ) = (7rA 7 (6 2 )) 1/b2 , (2.39) 

where ^(x) = T(x)/T(l — x). The self-duality is extended to the case with boundary, and 
the dual interaction term is given by [20] 



C-B = ^B& b v i Ab = \ jo cosh bs , Xb = \ — rrcoshft 1 s (2.40) 

V sm Tib 1 y sm7ro 1 

for the case without Chan-Paton factor. In our case, it is convenient to rewrite the Pauli- 
matrix as 03 = cr + <7_ — o"_<r+, such that the interaction term can be treated as two 
single branes. Applying the formula (2.40) for each term with cr + cr_ and cr_o" + , the dual 
interaction term for the boundary is obtained as 

Cb = /(^)e b ~ V , (2.41) 

with 



"«> = fc^ ( cosh {"~ 2 ( r + t) ) + cosh { b ' 2 ( r - t) ) (2 ' 42) 



A / r tt r 7r 

cosh — j cos —7 ctq + i sinh —= sin —75-03 



V sinvrft- 2 V b 2 2b 2 u b 2 2b 2 

The second equality comes from a±a T = ^{uq ± (73). The same result may be obtained 
with the method in appendix D. With the help of the self-duality, we would obtain a 
strong/week duality. 

Next, we focus on the extra insertions of bulk and boundary operators 

V(y a .) = V_ iV* k = e -6-VWfc , v B (t v ) = B\V* = ^e^^x . (2 . 43) 

The i/^-Liouville relation maps the parameters (J, a i u b to the positions of extra insertions 
y a ',ty. However, in the coset model, we should use the m-basis expressions as in (2.11) 
and (2.14) by performing Fourier transforms. These lead to the integration over /j, a , and 
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hence y a >,ty after the map as in (2.37). Since the positions of the extra insertions are 
integrated over the whole world-sheet y a i and the whole boundary ty, we may deal with 
them as a part of the interaction terms in the action. Notice that only the terms in (2.37) 
contribute after expanding the interaction terms due to the momentum conservation along 
the x direction. The momentum conservation still allows different numbers of bulk and 
boundary insertions N', M' if they satisfy the condition 2N' + M' = 2N + M — 5 — 2. After 
the above two steps, the interaction terms for the bulk are now the sum of 

d = Xe 2b '^ , C 2 = -e-b-^+iVkx ^ (2 44) 

and for the boundary 

Cb,i = f(vi)e b ^ , C B , 2 = --^| e -^-V + ^x . (2 . 45) 

Since the extra insertions are treated as the interaction terms, we now have a relation 
between N + M point correlation functions of the cigar model and the theory with the 
above interaction terms. However, the new theory is not yet the sine-Liouville field theory. 

Fortunately, the new theory can be mapped to sine-Liouville theory as in [7]. Since 
the background charges for ip and x are different from those for sine-Liouville theory, we 
redefine as 

4> = (k - l)<p - iVkb~ l x , X = -i\/kb~ l y - (fc - l)x ■ (2.46) 

The background charges then become the desired ones as Qs = b = 1/y/k - 2 and = 0. 
After this rotation the interaction terms are 

£ 1 _ ^ e 2b- 1 (k-l)cf)-2i\/kb- 2 X £ 2 _ _ e b- 1 4>-iVkX ^ 47) 

and for the boundary 

Cb,i = f(a i )J- 1 ( k - 1 >+- iV * b -'* , C B ,2 = -^e¥~^-^ . (2.48) 

v2 

Here we should note that the rotation is consistent with the boundary conditions since <f> 
and X satisfy Neumann boundary condition. 

We also need to apply the reflection relations of Liouville theory to the interaction terms 
in order to arrive at the sine-Liouville theory [7]. Since Liouville theory has interaction 
term of the exponential type, in-coming and out-going modes are related by reflection 
relations. One trick here is to treat £2 as the Liouville term instead of L\. More precisely 
speaking, we introduce a new field (f> = — i/\f2(b~ l 4> — is/kX), then C 2 = —e ty ^^ becomes 
a Liouville interaction term with b = i/y/2. We apply the reflection relation with (D.2) for 
the b = i/y/2 theory to the bulk operator in C\ keeping intact the part orthogonal to the 
4> direction. Rotating back to the original fields, we have 

& = -Xtt- 1 - 2 ^ 2 ^! + 6 -2 )e f>-VWfc* ; £2 = _ e b~^-i^x (2 49) 

for the bulk interaction terms. They are the interaction terms of bulk sine-Liouville theory 
as desired. More detailed explanations are given in [7]. For the boundary case we need 
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the reflection amplitude with boundary interaction term £-3,2 = — 2 1 ^ 2 aie t ^^ y ^ , which is 
studied in appendix D. With the result from there, we have 

C B>1 = ^(e$a + + e-£<7_)e^ + ^ , C B ,2 = -4=(ff+ + ff-)e^^ (2.50) 
\/2 v 2 

with 



A7r-i-26- 2 7 (l + 6- 2 ) . (2.51) 

In the end of the computation we have performed a SU(2) rotation of Chan-Paton factors 
as 

(01,0-2,0-3) -> -o"3,o-2) (2.52) 

just to make the expression simpler. We would like to claim that they are the interaction 
terms for D2-branes in the sine-Liouville theory. 

If we want to obtain a symmetric expression, then we would shift the zero mode of X 
appropriately. For the bulk interaction we have 

d = ce^+^x , £ 2 = ce 6 " 1 *"^* (2.53) 

and for the boundary interaction 

C B ,\ = iJ^ (e^a + + e~^a_) e^ +i ^* , (2.54) 

£ B 2 = iJ~^ (e~^<j + + e^<r_) ek^^r^ . 

This form of the boundary action is quite analogous to the one for B-branes in M = 2 
super Liouville field theory in (5.8) with (5.27) of [26]. From this fact, we are confident in 
the correctness of the boundary action for D2-branes in sine-Liouville theory. In the next 
section we study the fermionic version of FZZ duality, and indeed we obtain the boundary 
action for a B-brane in M = 2 super Liouville field theory from the one for a Dl-brane in 
the fermionic cigar model. 

We should also apply the same rotation of fields and the reflection relations to the 
vertex operators in order to establish the relation between correlation functions. For the 
bulk operator it was done in [7] as 

NL,Mz)VX_ k _^_ k _(z) = _ ff -l-?»-m-* e »&+W^(mX L -*XH) . (2 . 55) 
For the boundary operator we have in the same way 

m 2 

where the pre- factor is computed by using the result in appendix D. Here 77 = for i = 0, 1 
and 77 = 1 for i = 2, 3 as mentioned in subsection 2.2. Combining all the results obtained 
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so far, the equation (2.37) leads to the final result mentioned already in equation (2.1) 



where the left hand side and the right hand side are computed in the cigar model and 
sine-Liouville theory, respectively. 

Up to now we have shown that the correlation functions for the cigar model and 
sine-Liouville theory among tachyon vertex operators are the same. For the equivalence 
of theory we have to establish the relation among descendants as well. As mentioned in 
subsection 2.2, since the descendants can be constructed by the action of symmetry current 
generators, we just need to show the both boundary theories preserve the same symmetry. 
In the cigar model, we are considering branes preserving one pair of parafermionic currents. 
As shown in [27], we can construct the generators of so-called Wca(k) algebra from the 
parafermionic currents. In fact, it was already shown in [28] that the boundary actions 
(2.54) in sine-Liouville theory preserve the W 00 (/c) symmetry. 

3 Fermionic FZZ duality 

In this section we study the fermionic version of the FZZ duality which relates the fermionic 
2d black hole and N = 2 super Liouville field theory. In [3] the authors show that they are 
related by a mirror symmetry [29] . Here we would like to give another proof by utilizing the 
method developed in [7]. The motivation to consider the fermionic FZZ duality is twofold. 
Firstly the M = 2 SL(2)/U(1) coset model or dual M = 2 super Liouville theory appears 
frequently in the context of superstring theory. For instance, string compactification on 
a singular Calabi-Yau 3-fold can be described with these models (see, e.g., [6]). Second 
one is to check that the boundary action (2.54) for D2-brane in sine-Liouville theory is 
the correct one. This is possible since the counterpart in the fermionic version is B-brane 
in M = 2 super Liouville field theory and its boundary action has been obtained in [26]. 
D-branes in J\f = 2 SL(2)/U(1) coset and M = 2 super Liouville theory have been also 
studied in, e.g., [30-33]. 

3.1 Fermionic 2d black hole 

The fermionic 2d black hole is the N = 2 supersymmetric model based on the coset 
SL(2)/U(1) which is given by the Kazama-Suzuki construction [34]. As in the bosonic 
case, we start from the fermionic 2d black hole and show that it is equivalent to N = 2 
super Liouville field theory. In this and the next subsections, we restrict ourselves to 
the bulk case for the simplicity of expressions, and in the last subsection, the analysis is 
extended to the case with boundary. 

The super coset is defined by the M = 1 supersymmetric SL(2) WZNW model gauged 
by a U(l) direction, where the supersymmetry is enhanced to N = 2. In addition to the 




y/2 



&i c b{l c +l)<t>+i^=m c (X L -X R ) 
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bosonic SL(2) currents j a (a = 1,2,3) with level ks = k + 2, we have three fermions ip a 
with OPEs ip a (z)ip b (0) ~ 5 ab /z. It is convenient to bosonize as 

^ = ± *V 2 ) , ^ = e^ HL , (3.1) 

where Hl(z)Hl(Q) ~ —1/2 In z. The U(l) direction we are gauging is generated by 

J 3 = f + = j 3 + iV29^ L = iJ^8X L , (3.2) 

where the last equality defines one free boson Xl with Xl{z)Xl{Q) ~ —1/2 In 2. One of 
the fermions ^ 3 is also decoupled due to the gauging procedure. Above we have discussed 
the holomorphic part, but the anti-holomorphic part can be defined in the same way. 
In total, the action is given by 

S = S H + - f cfwdHdH + - / SwdXBX (+S b c ) , (3.3) 
vr J n J 

where we use the action S H for the H£ model as in (2.3). Here we combined holomorphic 
and anti-holomorphic parts as H = Hi + Hr and X = Xl + Xr. This action should be 
obtained through the standard procedure of [8] as well. The ghost system with 6, c enters 
through the gauge fixing but it will decouple from the other parts as before. The parameter 
is now set as = b = \/\fk~B — 2 = \j\fk. Vertex operators invariant under the gauge 
transformation are given by (see e.g. [35]) 

*%rn(z) = & m ,Az)V s H - s (z)VX +S)m+ - s (z) . (3.4) 

Here ^ m fh ls a primary operator of the H% model, which is defined in (2.11). The other 
vertex operators are 

V»{z) = e ^H L -m R) V £ +S ^- S {z) = e ^ + s)x L - { ^)x R ) (35) 
The correlation function is now written as 



N \ N 



(3.6) 



\a=l I o=l L J IAM 

x (v^&iOvgsicyiOllvM ■ 

Here S represents the violation of total winding number as J2a( m a + s «) = SaC 7 ^ + *a) = 
kS/2 and v s (Q denotes the spectral flow operator as before. The operator v s (Q again 
means that /3 has a zero of order S at £ and the vertex operator exp (£</>/&) is inserted. 

3.2 Duality with J\f = 2 super Liouville field theory 

Since the fermionic cigar model and N = 2 super Liouville theory both preserve N = 2 
super conformal symmetry, we just need to show the correlators of tachyon vertex operators 
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for the two theories agree. Moreover, in the correlation function (3.6), the fermion sector 
with H enters only through the direct products. It is thus natural to expect that we can 
apply the same method as in [7, 10] at least to the SL(2) sub-sector. With the rotation of 
fields involving H, we can show that the correlator in (3.6) is mapped to the one of the 
N = 2 super Liouville theory. 

We follow the strategy in [7, 10], which was reviewed in the previous section. We 
integrate out first 7,7 and then /3,/3. Then /3 and /3 are replaced by B and — B with 

a=l W ~ Za Ua=l( W - Z a) 

In order to remove B from the action, we perform a shift of <f> as 

<p(w,w) = 0(w,w) + ^ln\B(w)\ 2 . (3.8) 

We furthermore perform a shift of Hl along with Xl as 

\fk 1 
X l(w) =X l {w) -i-^-lnBH , h L {w) = H L {w)+i-j=\nB{w) . (3.9) 

The anti-holomorphic parts xr an d hn are defined by the complex conjugates. With the 
above new fields, the correlation function becomes 

IN \ N-2-S ,9 N 



n»sxw)= n j {n-2-s)\ ^\ n ^ x (3 - io) 

N N-2-S \ 



\a=l a'=l 



where the right hand side is computed with the action 

S = ^Jd 2 w (d<pd<p + dhdh + d X B X + ^U{Q^ + Q h h + Q^ X ) + vrAe 2 ^^ . (3.11) 

Here x an d h are the dual fields and background charges are = b + = —i\f~k 

and = iy/2. The vertex operator is V a = exp(2a<£>) with a = b(j + 1) + 1/26. In this 
way we rewrite the correlation function (3.6) in terms of bosonic Liouville field theory with 
<p and two additional free bosons with x, h. 

As in the bosonic case we first apply the self-duality of the Liouville field theory under 
b -H- and we then treat the vertex operators inserted at y a i as a perturbation operator. 
Now we have the interactions as 

The dual parameter A is defined in (2.39). Next we look for suitable field redefinitions. 
First we take a linear combination of x an d h such that a new field has no background 
charge. An orthogonal basis is given by 

X + = (v2x + Vkh) , xT = (v^x - V2h) , (3.13) 
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whose background charges are = and Qy- = —iy/ks. With these new fields, the 
interaction terms become 

d = \e 2b ~ ltfi , C 2 = - e -^V+^x" . ( 3 . 14 ) 

Fortunately, these interactions are exactly the same as (2.43) in the bosonic case. Therefore, 
the rest is almost the same as before. We perform field redefinitions as 

<t> = (k>B ~ 1)^ ~ iV^B^~ l X~ i X~ = -i\fk~B~b~ l tp - (k B - l)x~ , (3.15) 
giving the background charges as = b = 1/Vk and Q-^ = 0. Then we have 

d = -Att-^Vi + b-^eb-'t+iV^x- > C2 = _ e b-i<f>-iV^x- } (3. 16) 

where we have utilized the reflection relation of Liouville theory with b = i/y/2. 

In order to obtain N = 2 super Liouville field theory, we need to rotate the fields 
furthermore. We consider 

1 / /r--._ 1 



X = -j= (VkX- + V2x + ) , H = -j= (- V2X~ + Vkx + ) , (3-17) 

such that the field content is the same as that for J\f = 2 super Liouville field theory. 
Namely, we have (f) with background charge = b = a free boson X and a 

bosonized fermion H. See also appendix C of [36]. The interaction terms are changed to 

d = -Xir- 1 - 2 '- 2 ^ + h -2 )e Vk{^x)-iV2H ; £s = _ e Vk(<t,-iX)+iV2H ^ {318) 

which are those for M = 2 super Liouville field theory. The coefficients of the interaction 
terms can be changed by the shift of zero mode of X as 

d = ~ ce ^+iX)-iV2H ^ £2 = Be Vk(4>-iX)+iV2H ^ (3 19) 

where c is as in (2.51). 

Moving to the vertex operators, we rewrite them in a suitable form as 



in terms of the new fields (3.13). Then we observe that the first factor on the right hand 
side is of the same form as in the bosonic case. Therefore, we can perform the reflection 
relation in the same way. The result is 

Ni,Mz)V s % hs+1 (z)V^ +s _^ +s _,(z) (3.21) 

= _^-l-2j-m-m e ^((j+l)4>+i(m+s)X L ~i(m+s)X R )+iV2(sH L ~SH R ) 
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which are the vertex operators of N = 2 super Liouville field theory. In the last equation 
we have used the field redefinition (3.17). Thus we have established the relation between 
correlation functions as 

/ N \ fci § / N \ N=2L 

( II ^ ja,Sa - i z ) ) = N ( Y\ e^^ ja+1 ^ +i ^ ma+Sa ^ XL ~ i ^ ma+Sa ^ XR ^ +i ^ SaHL ~ SaHR \z ) \ 

where the left hand side and the right hand side are respectively computed in the fermionic 
cigar model and in the N = 2 super Liouville field theory. 

3.3 Fermionic FZZ duality with boundary 

The above analysis shows that the fermionic FZZ duality naturally comes from the bosonic 
FZZ duality through the proper change of fields. In particular, it is easy to extend it to the 
case with closed Riemann surfaces of arbitrary genus. In this subsection the fermionic FZZ 
duality is generalized to disk amplitudes with proper boundary conditions. We consider 
Dl-branes in the fermionic 2d black hole, which should be mirror to B-branes in the N = 2 
super Liouville field theory studied in [26]. Since the analysis is almost the same as before, 
we explain it only briefly. 

The boundary action for Dl-branes is the same as the one for the bosonic case in (2.8) 



SWnt = i^B&3 [ du(3e b ^ , \ B = \ . - , 9 sinhr , (3.22) 
J V sm-7rtr 

but with the bulk action in (3.11). We assign Dirichlet boundary conditions as /? + /? = 0, 
7 + 7 = 0, and Neumann boundary conditions for <ft. We also assign Xi + Xr = \^k9o and 
tjj^ = e^ 2101 ^ for the fermions. Boundary operators are defined as 

= ^f l m , v V s H V^ +s {z) , (3.23) 
where the operator for is given in (2.14) and the other operators are 

V s H {z) = e^ sH << , V* +S {z) = e l ^ {rn+s)XL . (3.24) 

Since the boundary operator changes the boundary conditions generically, we may label 
as \fy£j\L,L' with L = (r, M, a). The labels take values s = a — a' + S and m + s = 
M -M' + a- a' + \w with S,w eZ. We should use w G 27L for i = 0, 3 and w G 2Z + 1 
for i = 1, 2 as before. Similarly, ij = for i = 0, 1 and rj = 1 for i = 2, 3. 

Once we have the boundary operators, the rest is straightforward. However, to compare 
with known results, let us first discuss the Chan-Paton factors. It is possible to rewrite the 
non-Abelian action by an Abelian action with the introduction of boundary fermions, see 
[37-40]. One good review is in section 3 of [39]. Basically, when we compute correlation 
functions with an action including matrix coefficients, we have to perform a trace with 
keeping path ordering. The same effect can be made with the introduction of boundary 
fermions O, O. The kinetic term may be given by 

S = f du0d u 9 , (3.25) 
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which leads to 

(e(ui)e(«2)> = (e(«i)e(«2)> = ^ g n(m - u 2 ) . (3.26) 

Then the algebra of o + , cr_ , 03 can be reproduced by ^20, y/2@, 2(69 - 60). However, 
the off-diagonal terms become Grassmann odd in this formulation. 

With the above argument in mind, we proceed further. Following the previous analysis 
we find the boundary interaction terms as 



l/| (e^o+ + e'^a^j e ^+*-^ , (3.27) 



in terms of the fields (3.15). Applying the rotation in (3.17) and rewriting the Chan-Paton 
factors, we now have 6 

C B ,x = iVd (e^0 + e~^©) ij}- e ^r& +ijt ) , (3.28) 



One advantage to introduce the boundary fermions is on the co-cycle factor. Since we have 
fermionized as tp^ = e ±l ^ HL , we should take care of its Grassmann parity. Fortunately, we 
replaced the Pauli matrices by boundary fermions at the same time, thus the boundary 
interaction terms remain bosonic. Notice the above interaction terms are the same as (5.8) 
with (5.27) of [26]. In particular, matrix factorization suggests that the bulk cosmological 
constant is the square of boundary cosmological constant. 

We should work out the vertex operators as well. With the same method as before, 
we find that the vertex operators are mapped to 

B l,s = Oj_ e ^((l+l)4>+i(m+s)(X L -X R ))+iV2sH L ^ ^ 

V2 

We should again replace the Chan-Paton factor by boundary fermions. Then, these bound- 
ary operators coincide with those in [26] (see eq.(5.18) of the paper and arguments given 
below). Therefore, we have reproduced the results for B-branes in N = 2 super Liouville 
field theory from Dl-branes in the fermionic 2d black hole. 



4 Outlook 

In this article, we derive the FZZ duality [1] for disc correlators, which is a strong/weak du- 
ality between the cigar model and sine-Liouville field theory. For the purpose, we have used 
perturbative path integral methods of [7] in combination with the strong/weak self-duality 
of Liouville field theory. This was extended to the duality between the super symmetric 

6 This form of boundary interactions suggests that we are dealing with a DD system. Moreover, open 
string tachyons between brane and anti-brane are condensed in this system. See [39, 40] in more details. 
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cigar and N = 2 super-Liouville theory as in [3] both for correlators on the sphere and the 
disc. There are several possible applications, generalizations and future directions. 

For Dl- or A-branes in N = 2 super Liouville theory, a Lagrangian description is 
known [26]. We would expect these branes to be dual to branes in the cigar which wind 
the circular direction. Thus for D2-branes in the (super)cigar model, it might be possible to 
find a boundary Lagrangian and derive the duality with the branes in sine-Liouville (super 
Liouville) theory. DO-branes in sine-Liouville theory are not covered by our derivation, so 
one should study these branes directly in the sine-Liouville theory. They are of ZZ-type 
[41] and thus can be studied by looking at Cardy conditions. 

One should be able to apply our methods to other models. One example is the coset 
OSP(l|2)/R studied in [42]. The OSP(l|2) WZNW model is in correspondence with TV = 
1 super Liouville field theory, and the derivation is analogous to the one between 
model and Liouville field theory [12, 43]. It is likely that also the OSP(l|2)/K coset 
possesses a strong/weak dual which is yet to be determined. As our derivation is quite 
constructive, it might be possible to use it to find and derive the duality in one step. 
The i^-Liouville correspondence extends to e.g. correspondences between OSP(N|2) and 
SU(M|2) supergroup WZNW models and superconformal field theories respectively with 
SO(N)- and U(M)-extended supersymmetry [44]. These extended supersymmetry algebras 
were introduced in [45, 46]. The derivation of these correspondence is again via the path 
integral and these superconformal field theories seem to be strong/weak self-dual. 7 Again 
one can investigate cosets thereof [47] and look for possible weakly coupled dual theories. 
This should be particularly interesting for cosets of the PSU(2|2) and OSP(4|2) WZNW 
models as these supergroups are important in the AdS/CFT correspondence. 
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A Branes 

In this appendix we recall geometry and action of branes in the coset. Geometry of branes 
in cosets has been considered in [48, 49] and the boundary action of AdS2 branes was given 
in [19]. 

A.l Geometry of Branes 

An element in satisfies = g. AdS2 branes are described by the restriction of twisted 
conjugacy classes of <SX(2,C) to , i.e. 

C% = {hah 1 | h € SL(2,R) }. (A.l) 
7 Except for J\f — 2 super Liouville theory, which is the case in this article. 
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Here, a = is in and hence the same is true for every element of C%. The coset H% /R 
is the twisted adjoint one, consisting of elements g in H% modulo the twisted adjoint action 

9 ~ ugu (A.2) 

where u = u l = vfi in the i 3 direction. Branes in cosets are now described by elements of 
the form gv -1 where g is in the twisted conjugacy class describing the H% brane and v in 
the conjugacy class for the subgroup we mod out, i.e. R [49]. In addition, this translate 
of a twisted conjugacy class has to be invariant under the twisted adjoint action defining 
the coset (A.2). For us this is true for either Dirichlet (v constant) or Neumann boundary 
conditions in the R directions, i.e. 

uhah t v~ 1 u = uhah^uv" = uhah t u t v~ 1 = uha{uKfv~ . (A-3) 

We choose to consider Dirichlet boundary conditions, i.e. v = e l6 ° = constant. The 
embedding of the gauged WZNW model in the product theory of x U(l) is realized 

by parameterizing the gauge fields as A = idX, A = —idX and changing variables g' = 

e iXt 3 g e -ixt :i 

A.2 Boundary actions and Chan-Paton factors 

In this subsection, we argue for consistent boundary actions including boundary fermions, 
which can be seen as Chan-Paton factors. The bulk action is 

S bu i k = ^ J d 2 z (d<pB<P - 7 d/3 - yd? - fib 2 (3^) . (A.4) 

As a boundary term, we choose 

S bdy = ^ / du {\d u \ + /(A, A)/?e^) , (A.5) 

and we vary under the Dirichlet constraint (3 = —e lS °(3. We want to determine functions 
/(A, A) that are consistent with preserving current symmetry at the boundary. Then the 
variation of the action has the following boundary contribution 

SS\ hdy = ± [ du (8<j>((3 - d)<t> + /(A, \)bcf3e b *) + 5/3( 7 + e"^ 7 + 

+ /(A, A) MB e^) + 5\(d u \ + A/(A, A> B /3e^)+ (A.6) 

+ 8\{d u \ + ^Lf{\,\)ii B L3e b *)). 
dX 

Moreover, the bulk equations of motion imply 

fib 2 e 2b ^f3 = <9 7 and = &y . (A.7) 

The currents take the following form 

J- = P , J 3 = M + b~ l d(f) 
J- = j3 , J 3 = P^ + b^dcf) 



J+ = /3 7 2 + 2b~ 1 jdcf> - ( k ~ 2 ) d l > 



J 



+ 



Pj z + 2b- l jdd> - (k-2)dj. 
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The gluing conditions for AdS2 branes are 



J- =- e i8 oj- j j3 = J3 and J+ = _ e -ie j+^ ( A9 ^ 

The vanishing of the variation of above boundary part of the action implies that classically 
J~ = —e t9 °J~ and J 3 = J 3 . It also implies that J + = — e~ l9 °J + as follows. Using 
J~ = —e l9 °J~ and J 3 = J 3 , we see that the conditions 

J+ = - e- i9o J + 

i - fl - -/i - ( A - 10 ) 

= -6- 1 ( e -^o^ + 7 )( 5 + a )0 + ( A ,_ 2 ) e -^o^ + ( A; _2)a 7 

are equivalent. Using the bulk equations of motion (A. 7), (3 = —e l9 °j3 and 5S = (A. 6), 
we rewrite 

d 1 + e - ie °dj = {d + 3){-/ + e- i9o j) + e~ ie °d^ - 3-/ 

= (9 + 5) (7 + e- i0o 7) because of (A.7) and /3 = -e i0 °/3 (A.ll) 
= -(d + d)(f{\,\)n B e b<l> ) because of (A.6) . 

Inserting this in (A. 10) and using 6 = 1/s/k — 2, we see that classically 

J+ = -e- i9o J + & = (d + <9)/(A, A) . (A.12) 
Recall the equations of motion of A and A from (A.6) 

= d u \ + A/(A, A> B /3e^ = a u A + -l/(A,A)/i B ^. (A.13) 
aA aA 

Hence, (5 + d)f(X, A) vanishes if it is one of the following 

/(A, A) = c, 

/(A, A) = cA, 

/(A, A) = cA, 

/(A, A) = cAA 



(A.14) 



for some constant c. This can be related to the u(2) algebra and means that the Chan-Paton 
factors (Tq, 03 and a± = \{<J\ db 202) are consistent with preserving current symmetry. 



B The gauged sigma model 
B.l The bulk theory 

To warm up we consider the coset /M on the sphere. 
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Coset as gauged sigma model 

As in [7] we write elements in H£ as 

h = e 7<T+ e^ 3 e^" . (B.l) 
The symmetries are g i— >■ BhB^ generated by a J — a*J where we use 8 

J = -kdhh~ 1 , J = kh' 1 dh. (B.2) 
We gauge the direction corresponding to J3 — J3 = tr(J — J)cr 3 , the gauged model is 

S = ^-Jd 2 z [{Bel) + A)(d(j> + A) + e- 2 <t>(d + A)j(d + A)^j . (B.3) 

This is invariant under the gauge symmetry 

h ^ e A(*,*)a 8 /2^ e A(M)<r 3 /2 j d\{z, z), (B.4) 

where we have used the symbol A for the whole one-form as well as its holomorphic com- 
ponent. On the fields this acts as 

cf)^ + \(z,z), 7^e A( ^ } 7, 7 ^e A(2 ' 5) 7 . (B.5) 

To get the cigar model we note that the equations of motion for A, A are 

A = - d * + e ~Z^ = -d*-—, (B.6) 

1 + e-^77 l + vv K ' 

1 + e- 2 *77 l + vv y ' 
where we have introduced the gauge invariant coordinates 

v = e" 7 , v = e" 7 . (B.8) 

The action then takes the cigar form 

S = — [ d 2 z (—^—dvdv) . (B.9) 

2vr J \ 1 + vv J v 1 

On the other hand we can fix the gauge field using a complex valued gauge U = 
exp(a + ix), note that x is here 2tt periodic, 

A = U~ l dU = da + idx, A = (A)* = U*~ l dU* = da- idx. (B.10) 

The real part, a, is pure gauge and the integration over x gives the volume of the gauge 

group, but the imaginary part cannot be gauged away, but can be decoupled by making a 
transformation conjugate to the gauge symmetry i.e. along iJ$ + iJ^: 

h I — ^ e ^-zh 3 /2 he -ix(z,zW/2 ( R11 ) 



8 Note that the components for the anti-chiral currents in last appendix are related to this definition 
with an extra minus transposed automorphism. 
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which simply takes 

7 ^ e ix ( z '^-y, 7 t-> e _ia:(z ' 2) 7 . (B.12) 
This gives the action of the product theory H% xU(l) 



y d 2 z (dc/><90 + dxdx + e'^d'yd^j . (B.13) 



Strings without winding 

Let us now consider what happens to the vertex operators. The primary fields of H3 in 
the m-basis may be written (after a rescaling of 

& mm oc 7 ^-(i+i)7^-(i+i) e 26(i+i)^ ) (b.14) 

where 

n + ip _ —n + ip . . 

m = — - — , m = , n € £,,p G M . (B.15) 

Note that these are operators with no winding around the boundary of . We must 
require gauge invariance of our operators. The basis is such that J3 = —2m, J3 = 2m. 
Thus we require m + m = ip = 0. Under the decoupling of the imaginary gauge field we 
then get 

$J _ ^ _ e (m-m)ia: _ $j _ nis /g ig\ 

^mm ' ^mm mm ' l" ,lu ; 

i.e. also no winding in the U(l) direction. If we introduce currents for the U(l) part 

Jo = —ikdx, Jo = ikdx, (B.17) 

we see that the total currents 

jTotal = Js _ 2Jqj jTotal = (j-TotaJ)* = J 3 + 2 J q (R18) 

are zero when acting on the primary fields. 
Winding strings 

We now consider states that wind asymptotically in i.e. spectrally flowed states. To 
this end we define the scalar field H by J 3 = 2dH. If we use the first order formalism for 
and bosonize the /3, 7 system such that 7 = exp(Y£ — Z£), (3 = — exp(— Yl + Zl)3Z 
we have 

H = —<p/b — /?7 = —4>/b — Y. (B.19) 

This field has OPE HH ~ — k/2\n\z — w\ 2 and background charge 1/2. The w times 
spectrally flowed state (i.e. w times winding) is then 

&> w - = ■ e wH $ j - ■ (B 20) 

Under gauge transformations (B.4) we have Yl h-> Yl + X(z,z), Yr i-> Yr + A(z,z) and 
hence 

H ^ H -k\(z,z) . (B.21) 
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Thus demanding gauge invariance of these operators means 

n + kw — n + kw _ nn . 

m = — , m= , n,w S £, (B.22J 

i.e. ip I—)- w. H is invariant under the transformation decoupling the U(l) part so 

* = &mm V n- (B.23) 

So now we have winding in the H% part, but none in the U(l) part. Again the total 
currents (B.18) are zero. We can use the spectral flow covariance of the correlators to 
move all spectral flow to the identity operator at infinity [50]. There will however be a 
prefactor on the correlator depending on the positions of the vertex operators. To avoid 
this we do a similar, but chiral spectral flow in the U(l) theory such that 

CK ^LwYnw OC 7 "*-(j+l)^-C7+l) e 26(j+l)* e <n*-H«fcS j (R2 4) 

with x = xl — xr. Doing the spectral flow in both and U(l) also means that the total 
currents (B.18) are kept zero. Further, the dimension of the operators on the left and right 
hand side can be shown to be the same, and this is the reason that we get an equality of 
the correlators. For the identity operator at infinity in the case of violated winding number 
we have 

lhfe-Si^VSf^. (B.25) 

Identifying X = x/s/k, we have now reached the operators used in the main text which 
have no winding in direction, but in U(l). 

Winding by Wilson lines 

As shown in [8] (see eq. (50) in section 4) there is an alternative way to make H$ vertex 
operators with m + in ^ gauge invariant - simply add Wilson lines: 

n^te)^, (B.26) 

i 

where C is a chain with 5C = Xlj( m « + " 1 i)£i- This is nicely gauge invariant. The demand 
that m + 7?i is real in this case comes from locality. 

When one decouples the gauge field, we exactly get the states (B.24) which wind in 
the U(l) direction. To show that (B.26) and (B.23) gives the same state when going to 
the cigar model, one could try to construct the first order formalism for the gauged sigma 
model, but we will refrain from doing that here. 

B.2 The boundary theory 

We now consider the gauged model where the world-sheet is a disk. We are going to argue 
that the boundary action 

Sbint = iX B e ie °a 3 [ duPe* (B.27) 
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arises from a single brane in the cigar. The boundary conditions used for the decoupled 
model are (c and Xb are proportional) 

e -^o 7 + e i8 ^ = ±Cf > d$-d$ = ±cbe i8 °Pe b *, z = z . (B.28) 

The boundary action, seen as a perturbative interaction term, will geometrically deform 
the brane with c = to the brane with non-zero c. 

Let us start with a single brane in the cigar given by the boundary conditions 

e'^v + e i6c v = 2Re(e- i6c v) = c, (B.29) 

where the coordinates v,v were defined in (B.8). Of course, there is rotational invariance, 
so we could simply set 6 C = 0. Note that for v = sinh pe l ^~ n ^ 2 ^ we get 

sinh/)sin(0 — C ) = c/2 oc sinhr , (B.30) 

as in (2.5). 

The boundary conditions in the gauged WZNW model would have to be a gauge 
invariant version of the ones in model. To descend to (B.29) they will be 

e iec (d+A)7+e-^(d+i)7 = 0, e -^ 7+e ^ 7 = ce <^ d<j)+A-d(f>-A = cbe Wc /3e b ^, 

z = z. (B.31) 

Further, one needs to assign boundary conditions to A. There are two obvious choices 
A = ±A. The boundary conditions above are gauge invariant by construction, so by 
gauge-fixing A = da + i * dx we can remove a. However, we cannot separate x out of the 
condition unless we choose Dirichlet boundary condition on x i.e. 

8x + dx = 0, A - A = , (B.32) 

which will be our choice of boundary conditions. 

Going to the product theory by decoupling x we get 

e -i(x -e c )g- + e i(x -e c )Q^ = q ^ ( e -Hxo-0c)p + e i(xo-e c )p = o) ; 

e i(xo-e c ) 7 + e -i(x -e c )- = d<j>-d(t> = cbe- i( - x °- ec) Pe b ^, z = z . (B.33) 

This is just the boundary condition for the rotated brane. Here xq is the boundary value 
of x 

xl + xr = x , z = z . (B.34) 

Before continuing let us consider the boundary states. First, we should remove all 
momentum in the circular direction, i.e. set n = since our strings are attached to the 
D-branes. This also easily follows using the boundary conditions on the bulk states. With 
winding we expect two types of strings in the cigar. Strings with integer winding and 
strings with half-integer winding of course ending on the same brane since we only have 
one brane in the cigar, see figure 1 (see also figures in [22]). 
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A boundary operator analogous to the bulk state (B.24) is 

& V (X T fc ^/ 4 -0'+ 1 )/2^fc^/4-0'+l)/2 e 6(j+l)^ e ifc«;/2x_ 



(B.35) 



Now the strings in the cigar with integer /half- integer winding will correspond to strings in 
the U(l) direction with integer /half-integer winding. This means that we have two branes 
in the product model. One located in the U(l) space at xq = 9 C — 9q, in the H% directions 
this will be a brane with labels (Oo,r) as we see from (B.33). Secondly there must be a 
brane at xq = 9 C — 9q + tt and in the directions it will have label (9q, —r) or equivalently 
(6>o + 7r, r). We can label the two branes (9 C — 60, (Oo, r)) and (9 C — 9q + it, (9q, — r)). 

If we start with a string with zero winding in the cigar it will map to a string with 
zero winding in the U(l) direction and which starts and ends on the same brane say 
(9 C — 0q, (Oo,r)). If we do a half-integer spectral flow we get a string in the cigar going 
between two branches of the same brane, but in the product theory it will now be half 
winding in the U(l) direction and going between the two branes in the product theory. 
This is sketched in figure 2, see also figure 6 in [22]. 

We can also relate the above discussion to the boundary action. We know what the 
boundary action looks like in the model for a single brane. The action in a first order 
formalism for the gauged theory must be exactly the same i.e. 



since this is nicely gauge invariant. However when we decouple x in the rest of the action 
it will still appear in the boundary term: 



This corresponds to eq. (B.33). 
Chan-Paton factors 

In order to calculate in the path integral we introduce Chan-Paton factors corresponding 
to the two branes. The new feature is that the boundary action will depend on which brane 
we are on, i.e. it will depend on the Chan-Paton factor. From (B.37) we see that the form 
is exactly what we wanted, i.e. 



Here have taken the brane (9 C — 9q, (#o,r)) as the first brane and (9 C — 9q + n, (#o> — r)) 
as the second. Boundary operators with half-integer winding in the U(l) direction should 
have a Chan-Paton factor that anti-commutes with this i.e. be o\ or 02. To discriminate 
between these two we note that the whole theory including branes is invariant under parity 
transformation in the /37-system together with a it rotation in the U(l) direction. This 
will map our two branes onto each other. The map of the fields to the cigar will be exactly 
the same under this conjugation. The conjugation is used in the main text to fix the 
Chan-Paton factors. 




(B.36) 




(B.37) 




(B.38) 
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C Change of variables 



When we relate the correlation functions of the cigar model to those of Liouville theory 
plus a free boson, we utilize a change of variables 

TV TV _ M 

y^^ + y^^ + y^_ 

^- 'to - z a ' w - Z a j-^W-Ub 

a=l a=l b=l 

= (W ~ S Ua''=l(w ~ y a ')(w - y a ,) YlvLi(w - ty) 
T[a=l( W ~ Z °){W ~ Za) YitUiw ~ U b ) 

as in (2.24) and (2.25) subject to constraints (2.26). The Jacobian due to the change of 
variables is used as in (2.27) with (2.28), and we would like to derive it in this appendix. 
For the bulk case, the Jacobian due to the change of variables was obtained in [9, 50] 
and extended to the case with closed Riemann surfaces of arbitrary genus in [7]. For the 
boundary case, the variables are changed from (/x , fi a , u ) to (u,y a i,y a >,ty), where there 
are N' y's and M' i's with M' + 2N' + S + 2 = M + 2N. One non-trivial point here is 
that the number of y a > and ty changes when we vary jJL a ^v . Thus we first show that the 
map (C.l) gives a one-to-one map modulo permutations among y a > and ty, and hence the 
integral regions of the both side match. Then we obtain the weight of the integral as given 
in the Jacobian (2.27). For S = it was already given in [24]. 

In order to show that (C.l) defines a one-to-one map, we start with the map from 
(u,y a ',y a >,ty) to (fx a , /2 a , u ) . From the residues of (C.l) at z = z a and z = u , we have 

„ _ ., Gga ~ S UaLl(Zq ~ y a >)(Zg ~ gqQ Ub'Ll(z a - ty) 

Va-U _ N _ M , {^-^) 

[Za ~ Za) [[ c =l,cM Za ~ Zc ^ Za ~ Zc > lh=l(Za ~ U b ) 

(ub ~ S Ua'=i(ub ~ y a ')(u b - y a >) Ub'Li(ub ~ ty) 

n a =i \ u b - za\ A rLi= M ^,K - u d ) 

and similarly for p, a . Therefore, if we choose the values of (u,y a / ,y a i ,ty), then we can 
obtain (fi a , fL a ,^b) uniquely from the above equations. A point here is that we can use 
arbitrary numbers of y a i and ty if they satisfy 2N' + M' = 2N + M — S — 2. 

To show that the map is onto the whole region of (// a , fl a , u b ) we consider a given value 
of these and rewrite 

TV TV _ M 

ah z - z « h z - z " ti z ~ Ub 



\z 
u — 



4) [z + aiz H h a2N'+M' 

Ua=l(z ~ Za){z ~ Z a ) U.til( Z ~ U b) 



with u = Y,a 2Re VaZa + Y.b u °Ub- The term proportional to Z 2N + M ~ 1 = z W+M'+S+l 
vanishes due to the delta function 6(£o(£)), where £ n (Q is given by (2.26). With the other 
delta functions 8{£ n (£)) with n = 1, 2, • • • ,S, the left hand side can be factorized by (z—£) . 
Since the left hand side is always real when we set z = t with t £ M, the coefficients a, have 
to be real. Here we use the theorem that an algebraic equation of order P with real valued 



- 32 - 



coefficients have N' compiex roots along with their complex conjugates and M' real roots 
with 2N' + M' = P. Therefore, once we choose some values of (/x , /2 a , z^b), then we can 
find (u,y a i ,y a > ,ty) from the roots of the above algebraic equation of order 2N' + M' with 
real coefficients up to permutations among y a > and ty. 

In this way, we have shown that the map (C.l) is one-to-one between the two regions 
of parameters. Therefore, in order to establish the relation (2.27) we just need to obtain 
the weight of measure. In the case with S = 0, the Jacobian for the change of parameters 
was already given in [24] as (2.27) with S = 0. It can be also obtained by utilizing the 
bosonization formula for (6, c)-ghosts as in appendix C of [7]. The correlation function we 
should use is 

/ N M N' M' \ 

/ [J c(z a )c(z a ) JJ c( Ui ) n b(y a ,)b(y a ,) J] b{t v ) \ . (C.5) 

\a=l i=l a'=l i'=l I 

Notice that the point = tj> is really a singularity since we cannot across the point 
continuously contrary to the point y a i = yy. Indeed, this is the point where the number 
of t^'s would change. The same is true for the point y a i = y a i where the number of y a i's 
would change. The generalization to the case with S ^ is actually quite straightforward 
if we utilize the method in [7]. In that paper, the Jacobian is found by induction in S, and 
with the same trick the Jacobian is found as (2.27) with (2.28). 



D Reflection relations of boundary operators 

In the derivation of the FZZ duality, we utilize reflection relations of bulk and boundary 
operators in the Liouville field theory with the action 

S = 1 J d 2 w (d<pd<p + ^-KQ4> + ^Tre 26 ^ + hb<ti J due h<t> . (D.l) 

Here the parameters are Q = b + b~ l , b = i/y/2, [i = —1 and hb = — 1/\/2- Notice that 
this Liouville field theory is different from the one obtained from the relation to model. 
Rather, it is obtained by treating the extra insertions as the Liouville interaction terms. 
The conformal dimension of the bulk operator V a = exp(2a(p) is given by A a = a(Q — a), 
which implies that V a is related to Vq_ q since they have the same conformal dimension. 
In fact, we have the reflection relation as V a = D(a)VQ- a , where D(a) can be obtained 
from the two point function. With b = i/y/2 the reflection coefficient is simplified as [7] 

D(a) = -(-^-^ ^Z^M (D . 2) 

with fj, = —1. In the same way, we should have reflection relations for the boundary 
operators as 

[Bi(z)] Sl , S2 = d(f3\s 1 ,s 2 y j [B^ f3 (z)] SuS2 , B p (z) = ^=e^ . (D.3) 
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The aim of this appendix is to compute the coefficient d(j3\si, s 2 ) 1 j with our specific values 
of parameters. Since the boundary action includes the Chan-Paton factor, the relations 
are different from those obtained for the case without Chan-Paton factor [20, 21]. Here we 
derive the reflection relations from those without Chan-Paton factor. The idea is to change 
the basis for the boundary operators such that the Chan-Paton factor in the boundary 
action is diagonal and we can apply the formula for the FZZT-branes. 

Before introducing the Chan-Paton factor, we summarize some useful formulas for the 
FZZT-branes in [20, 21]. The action of the boundary Liouville field theory is given as 



1 



7T 



y/9. 



S=- d z w[ d(j)d(j) + ^KQcj) + it ne 



D 2b<p 



dud* 



(D.4) 



The boundary parameter /ie may be expressed by s as 

cosh7r6s = /j-b 



' sin 



7Tb 2 



The reflection relation for boundary action is then written as 

[B p (z)] SlyS2 = d(P\ Sl ,s 2 )[B Q ^(z)] sljS2 , Bp{z) = . 

The reflection coefficient is found as 

(7r^(b 2 )b 2 - 2b2 )(Q- 2 ^ 2b G(Q - 2/3)G~ 1 (2/3 - Q) 



(D.5) 



(D.6) 



d((3\s 1 ,s 2 ) 



S(/3 + |( S1 + s 2 ))S(!3 - U Sl + S2 ))S(/3 + - 82 ))S(P - - s 2 )) 



where the functions G(x) and S(x) are defined as 



logS(x) 
logGOr) 



00 dt 

T 

00 dt 



sinh(Q-2x)t (Q/2-x) 



2sinh(6t)sinh(t/6) 

p-Qt/2 _ p -xt 



(1 



-hi 



)(1 - e-*/ 6 ) 



(Q/2-x) 2 _ t (Q/2-x) 
2 6 t 



We will use the shift relations 

S(x + b) = 2sm(irbx)S(x) , S(x + 1/6) = 2 sin(vrx/6)S(x) . 



(D.7) 

(D.8) 
(D.9) 

(D.10) 



For more details, see [20, 21]. 

Now we include the effects of Chan-Paton factor. The action we consider is (D.l) and 
the boundary operator is in (D.3). For the boundary operators, it is convenient to take 
linear combinations as 



Notice that they behave as 
a x B 



B±a 1 = ±Bf 



aiB 



'± 



(D.11) 



±B 



B'±a 1 =TB'?, (D.12 



'± 
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when the Chan-Paton factor in the boundary action acts on them. Let us start with Bt. 
It is easy to see that the reflection relation is the same as for the FZZT-branes. Therefore, 
we obtain Bt = d({3\s, s)Bq_ /3 , where s = i5/Ab~ l from (D.5) and the explicit values of 
\x,[iB- Here, and in the following, we restrict the domain of s as < — ibs < 2 to avoid 
ambiguity. For Bp, we may shift s — > s — i/b since ci-Bg = Bja\ = —Bp with (D.5). 
Thus the reflection coefficient is 

d{P\s ~l,s-l) = g^^±g^ d(fl«, s) = -d(P\s, s) (D.13) 

where we have used the shift relations (D.10). Moreover, we have set 1/b 2 = —2 and 
s = ih/Ab' 1 . The reflection relations are thus 

B% = d(J3\8, s)B l Q _p , Bp = d(J3\s, s)B° Q _p (D.14) 

in the original basis. We now move to the other cases with Bo 1 . From (D.12), we propose 
that the reflection relations are given as 

Bp + = d(P\s -±s + ±)B'+_p , B' p - = d((3\s + i a - j- b )B'~_p , (D.15) 

where we have used s = ih/Ab -1 . There might be other choices, but it turns out that they 
do not work well. Noticing that ft -1 = —2b, we can show 

d{fi\s -± b , s + j- b ) = cot(irbP)d(P\ 8 , s) = d{P\s + ± s -±). (D.16) 

Therefore, we have 

Bj = cot(Trbp)d(P\s, s)B 2 Q _p , Bj = cot(irbp)d(P\s, s)B%_p (D.17) 
in the original basis. 

Above, we have seen that the reflection coefficient in (D.3) can be written in terms 
of d{(5\s,s) for the FZZT-branes defined in (D.6). In fact, we can show that the function 
d(f3\s, s) with b = ij\/2 and s = ih/Ab' 1 has a simple expression. Since it is quite difficult 
to directly compute the functions (D.8) and (D.9), we take a different route. We choose to 
utilize the relation shown in [20] 

d(/3\s,s) = c.{(3)d{/3 + b\s,s) , (D.18) 

which the reflection coefficient has to satisfy. Here c_(/5) is simplified as 

c _(/3) = (-4/i/7r)sin 2 (7r/36)sin(7r/?6 + 7r/4)sin(7r/56-7r/4) 



-TTfl 



x r(l - 2/%)r(2/?6 - l)r(3/2 - 2/3&)r(2/36 - 1/2) 

sin(7r/36) r(2Q9 + ft)ft) 
cos(tt (3b) r(2/36) 



(D.19) 



for our choice of s. The relation (D.18) can be solved quite easily. Assigning the unitarity 
relation 

d(P)d(Q - (3) = 1 , (D.20) 
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we find for the reflection coefficient 



d(/3| s , s ) = (- /i7r )W- 2 W(26) 




2 r(2/36)sin(vr6/5 + 7r/2) ' 



1 



(D.21) 



We also need 



cot(irbP)d(P\s,s) = (-^y Q - 2 WW 




2 T(2/36) sin(vr6/3) ' 



1 



(D.22) 



E Branes in sine-Liouville theory 

Branes in sine-Liouville theory have not been investigated yet. However, it is easy to 
guess what they are by two means. Firstly, one can utilize the boundary FZZ duality, 
but of course we cannot use this to prove the duality itself. Secondly, one can mimic the 
arguments in [26] for branes in N = 2 Liouville theory. The details may be changed, but 
qualitatively they should be the same as branes in sine-Liouville theory. In particular, we 
should be able to obtain the branes in sine-Liouville theory by repeating the analysis in 



Following the terminology in [26], we call Dl-branes for A-branes and D2-branes for 
B-branes. A-branes are relatively easy since we can construct boundary states for them 
only from modular transformations of annulus amplitudes. According to [26], we cannot 
construct B-branes from modular invariance of annulus amplitudes, and we have to study 
the factorization constraint from the two-point function on a disk. Fortunately, we have 
shown that B-branes in sine-Liouville theory can be obtained from Dl-branes in the cigar 
model, so we just need to study A-branes. 

Since the branes are labeled by the representation of sl(2, R), A-branes may be classified 
according the representation as in section 3.1 of [26]. Following the paper, we have six types 
as 

1. Identity representation 

2. Non-chiral non-degenerate representations 

3. Non-chiral degenerate representations 

4. Anti-chiral representations 

5. Chiral representations 

6. Degenerate representations 

Types 2,4,5 and types 1,6 would correspond to D2-branes and Dl-branes in the cigar model, 
respectively. Type 3 requires some consideration. We just need to repeat the analysis 
in [26] to construct boundary states for the above branes, but replacing the characters 
for the N = 2 superconformal algebra by those for the W 00 (fc)-algebra (or equivalently 
parafermions), see section 4 of [27]. 



[26]. 
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In order to go further, we need to compute two-point functions of bulk operators on 
a disk with one degenerate operator and two-point functions of boundary operators on a 
disk. Even though it is a very hard task to compute them directly, it is easy to guess the 
boundary actions. For B-branes we have already obtained this as 

£bd y = (^B(T+ + 1*3°-) e^ +i ^ x + {Jib(J+ + A*s<r_) e^~^ x , 

with 

(MB, MS, MS, Ms) = zy|( e -( J -^, e -^-^,e-^(^),e-^)) . (E.l) 

This form of the action implies that B-branes consist of two D2-branes and a non-trivial 
Wilson loop is included. For A-branes corresponding to D2-branes in the cigar model, we 
propose the following boundary action (see (5.28) in [26]) 

C hdy = VA* + e^ + ^ X + Mo-e^~^ X (E.2) 

with 

[i A = v / 2£sin7r(J — M) , fi A = V / 2Ssin7r( J + M) . (E.3) 

This form of the action implies that A-branes consist of two Dl-branes and tachyonic states 
from open strings between two branes are condensed. Following the analysis in [28] we can 
show that the boundary action preserves the Woo{k) symmetry of sine-Liouville theory, 
just like the boundary action for A-branes in the N = 2 super Liouville theory preserves 
superconformal symmetry. Therefore, the problem left is to fix the constant coefficients 
including the Chan-Paton factors. However, in order to show that our proposal is correct, 
we would need to study correlation functions. 
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